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Abstract 

Let L be a big holomorphic line bundle on a compact complex manifold X. We 
show how to associate a convex function on the Okounkov body of L to any contin- 
uous metric e^^ on L. We will call this the Chebyshev transform of tp, denoted by 
c[ip]. Our main theorem states that the integral of the difference of the Chebyshev 
transforms of two weights is equal to the relative energy of the weights, which is 
a well-known functional in Kahler-Einstein geometry and Arakelov geometry. We 
show that this can be seen as a generalization of classical results on Chebyshev 
constants and the Legendre transform of invariant metrics on toric manifolds. As 
an application we prove the differentiability of the relative energy in the ample 
cone. 
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1 Introduction 

In m and lU Khovanskii-Kaveh and Lazarsfeld-Mustaja initiated a systematic study 
of Okounkov bodies of divisors and more generally of linear series. Our goal is to 
contribute with an analytic viewpoint. 

It was Okounkov who in his papers ifTOl and ifTTj introduced a way of associating 
a convex body in R" to any ample divisor on a n-dimensional projective variety. This 
convex body, called the Okounkov body of the divisor and denoted by A(L), can then 
be studied using convex geometry. It was recognized in |9| that the construction works 
for arbitrary big divisors. 

We will restrict ourselves to a complex projective manifold X, and instead of divi- 
sors we will for the most part use the language of holomorphic line bundles. Because 
of this, in the construction of the Okounkov body, we prefer choosing local holomor- 
phic coordinates instead of the equivalent use of a flag of subvarieties (see |9|). We 
use additive notation for line bundles, i.e. we will write kL instead of i®*" for the k:th 
tensor power of L. We wiU also use the additive notation for metrics. If /i is a hermitian 
metric on a line bundle, we may write itas h ~ e~'^, and call ijj a weight. Thus if i/j is 
a weight on L, kip is a weight on kL. 

The main motivation for studying Okounkov bodies has been their connection to 
the volume function on divisors. Recall that the volume of a line bundle L is defined as 



A line bundle is said to be big if it has positive volume. From here on, all line bundles 
L we consider will be assumed to be big. By Theorem A in |i9J, for any big line bundle 
L it holds that 



We are interested in studying certain functionals on the space of weights on L that 
refine vol(i) (see below). 

A weight ip is said to be psh if 



as a current. Given two locally bounded psh weights ip and ip we define £{ip, f) as 



vol(L) 



lim 




volR.(A(i)) = -vol(i). 



d(fi! > 
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which we will refer to as the relative energy of and ip. This bifunctional first appeared 
in the works of Mabuchi and Aubin in Kahler-Einstein geometry (see 1 1 1 and references 
therein). 

If tjj and (fi are continuous but not necessarily psh, we may still define a relative 
energy, by first projecting them down to the space of psh weights, 

P{-ip) := supiip' : -0' < ^' psh}. 
We are therefore led to consider the functional 

n „ 

where denotes the Zariski open set where both P{tlj) and P{(p) are locally bounded. 
For psh weights tp, trivially P{ip) — therefore there is no ambiguity in the notation. 
The relative energy can be seen as a generalization of the volume since if we let ip be 
equal to + 1, from e.g. [ 1] we have that 

£{ij,^)= [ {dd'P{p)r = yo\{L). 
Jn 

Given a continuous weight ip, we will show how to construct an associated convex 
function on the interior of the Okounkov body of L which we will call the Cheby- 
shev transform of tjj, denoted by c[tp] . The construction can be seen to generalize both 
the Chebyshev constants in classical analysis and the Legendre transform of convex 
functions (see subsections 9.2 and 9.3 respectively). 

First we construct A{L) . Choose a point p ^ X and local holomorphic coordinates 
Zi, ...,Zn centered at p. Choose also a trivialization of L around p. With respect to this 
trivialization any holomorphic section s £ H^{L) can be written as a convergent power 
series in the coordinates z^, 

s ^ ^a^z". 

a 

Consider the lexicographic order on N", and let v{s) denote the smallest index a (i.e. 
with respect to the lexicographic order) such that 

Oq ^ 0. 

We let v{H°{L)) denote the set {v{s) : s e H"{L)}, and finally let the Okounkov 
body of L, denoted by A(i), be defined as closed convex hull in K" of the union 

U lv{H"ikL)). 

k>l 

Observe that the construction depends on the choice of p and the holomorphic coordi- 
nates. For other choices, the Okounkov bodies will in general differ 

Now let iphe a continuous weight on L. There are associated supremum norms on 
the spaces of sections H^{kL), 

\\s\\l^ sup{|.(x)pe-^-'^(-)}. 

xex 
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If v{s) = ka for some section s G H'^{kL), we let Aa^k denote the affine space of 
sections in H^{kL) of the form 

2.ka higher order terms. 

We define the discrete Chebyshev transform F[il}\ on lj/c>i v{H^{kL)) x {fc} as 

F[i;]{ka,k) := inf{ln | |s| : s G A^m}- 

Theorem 1.1. For any point p G A(L)° ant/ any sequence a{k) G ^v{H^{kL)) 
converging to p, the limit 

lim iF[V'](fca(fc),fc) 
fe^oo k 

exists and only depends on p. We may therefore define the Chebyshev transform of ip 
by letting 

c[^](p) Km yF[^P]{ka{k),k), 
for any sequence a{k) converging to p. 

The main observation underlying the proof is the fact that the discrete Chebyshev 
transforms are subadditive. Our proof is thus very much inspired by the work of Za- 
harjuta, who in |14| used subadditive functions on N" when studying the classical 
Chebyshev constants, and also by the article [4] where Bloom-Levenberg recognize the 
importance of subadditivity, extending Zaharjutas results to a more general weighted 
setting, but still in C" (we show in section 7 how to recover the formula of Bloom- 
Levenberg from Theorem ll.il) . 

We prove a general statement concerning subadditive functions on subsemigroups 
of N'' that generalizes a result of Zaharjuta. 

Theorem 1.2. Let F C N'' /je a semigroup which generates 1^ as a group, and let 
F be a subadditive function on V which is locally bounded from below by some linear 
function. Then for any sequence a{k) G T such that |a(fc)| — > 00 and p £ 

E(r)° fS(r) denotes the convex cone generated by T) for some point p in the interior 
o/I](r), the limit 

k-^oo |a(fc)| 

exists and only depends on F and p. Furthermore the function 

, , , F(a(k)) 
c[F]{p) Km 

k^Qo \a(k)\ 

thus defined on E(r)° H Yj° is convex. 



Theorem ll.ll will follow from Theorem ll.2l 

It should be pointed out that related Chebyshev transforms play an important role 
in lfT2l in the context of Arakelov geometry. 

Our main result on the Chebyshev transform is the following. 
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Theorem 1.3. Let "0 and ip be two continuous weights on L. Then it holds that 

£{^,ip)^nlf ic[ip] ^ c[i;])dX, (2) 
Ja{l)° 

where dX denotes the Lebesgue measure on A(L). 

The proof of Theorem 1 1 . 3 1 relies on the fact that one can use certain L^-norms re- 
lated to the weight, called Bernstein-Markov norms, to compute the Chebyshev trans- 
form. With the help of these one can interpret the right-hand side in equation (|2]l as a 
limit of Donaldson bifunctionals Ck{ilJ,ip)- On the other hand, the main theorem in fl\ 
says that the bifunctionals Ck{ip, ^) converges to the relative energy when k tends to 
infinity, which gives us our theorem. 

Because of the homogeneity of the Okounkov body, i.e. 

A(fcL) = fcA(i), 

one may define the Okounkov body of an arbitrary Q-divisor D by letting 

A{D) -A{pDl 
P 

for any integer p clearing all denominators in D. Theorem B in states that one 
may in fact associate an Okounkov body to an arbitrary big M-divisor, such that the 
Okounkov bodies are fibers of a closed convex cone in M" x (^)r, where {X)r 
denotes the Neron-Severi space of M-divisors. We show that this can be done also 
on the level of Chebyshev transforms, i.e. there is a continuous and indeed convex 
extension of the Chebyshev transforms to the space of continuous weights on big M- 
divisors. We prove Theorem ll.3l for weights on ample R-divisors. 

As an application we prove that the relative energy is differentiable in the am- 
ple cone. In III Berman-Boucksom consider as a function of t the relative energy of 
weights 4't and (p, where tpt vary smoothly with t. Theorem B in fTl states that the 
function 

Fit) -.^SU^uv) 
then is differentiable in t, and that the derivative is given by 

F'iO) = / ijmidd'Pi^o)^, 
Jn 

where V'f (0) denotes the derivative of V't in zero. In section 9 we prove a generalization 
of this in the ample setting where the underlying M-divisor Lt varies with t within the 
ample cone. 

Theorem 1.4. Let Ai, i — 1, ...,m be a finite collection of ample line bundles, and for 
each i let ipi and ipi be two continuous weights on Ai . Let O denote the open cone in 
R"* such that a O iff^ diAi is an ample M.-divisor Then the function 

F{a) := £^aiAiC^aiip'i,^ai'Pi) 

is on O. 
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We also calculate the differential. If we consider the special case where A is ample 
and is some positive continuous weight on A, and let 

fit) ■.= £L+tA{^J + t^,^ + t'^) 

for some continuous weights ip and (p on an ample divisor L. Then our calculations 
show that 

n — l ^ 

/'(O) = E / (^(^) - Piv>))dd'^ A (dd^P(V))-'' A {dd^P{^)r-^-\ (3) 

Another special case is the following. If A is an ample divisor and sa is a defining 
section for A, by multiplying with s®*'" we get embeddings of the spaces H^{k{L — 
tA)) into H'^{kL). There is also an associated map between the spaces of weights, 
where ij^L maps to 

il^L-tA := V'L - iln|sAp. 
It follows from the proof of Theorem ll.4l that 

at I (J 

Our proof uses the same approach as the proof of the differentiability of the volume 
in [9]. Since the relative energy is given by the integral of Chebyshev transforms over 
Okounkov bodies, when we differentiate we get one term coming from the variation 
of the Okounkov body, as studied in 9 , and one term coming from the variation of 
the Chebyshev transforms. One can show that if one in formula (O as vj/ chooses the 
positive weight In |sp, and let ipo = ipQ + 1, using the Lelong-Poincare formula one 
recovers the formula for the derivative of the volume in the ample cone, i.e. 

volx (L + tA) = mol [A] (L \[a]), 
at\o I J II J 

where [A] denotes the divisor {s = 0}. 

1.1 Organization 

In section 2 we start by defining the Okounkov body of a semigroup, and we recall a 
result on semigroups by Khovanskii that will be of great use later on. 

Section 3 deals with subadditive functions on subsemigroups of N"+^ and contains 
the proof of Theorem ll.2l 

The definition of the Okounkov body of a line bundle follows in section 4. 

In section 5 we define the discrete Chebyshev transform of a weight, and prove that 
this function has the properties needed for Thereom |1.2| to be applicable. We thus prove 
Theorem ll.il We also show that the difference between two Chebyshev transforms is 
bounded on the interior of the Okounkov body. 

The relative energy of weights is introduced in section 6. Here we also state our 
main theorem, Theorem ll.3l 
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In section 7 we show how one can use Bernstein-Markov norms instead of supre- 
mum norms in the construction of the Chebyshev transform. 
The proof of Theorem |1.3| follows in section 8. 
Section 9 discusses previuos results. 

In subsection 9.1 we observe that if we in Q let (p be equal to i/i + 1, then we 
recover Theorem A in ||9l, i-e. that 



In subsection 9.2 we move on to clarify the connection to the classical Chebyshev 
constants. We see that if we embed C into and choose our weights wisely then 
formula Q gives us the classical result in potential theory that the Chebyshev constant 
and transfinite diamter of a regular compact set in C coincides. See subsection 9.2 for 
definitions. 

Subsection 9.3 studies the case of a toric manifold, with a torus invariant line bun- 
dle and invariant weights. We calculate the Chebyshev transforms, and observe that 
for invariant weights, the Chebyshev transform equals the Legendre transform of the 
weight seen as a function on R". 

We show in section 10 that if the line bundle is ample, the Chebyshev transform 
is defined on the zero-fiber of the Okounkov body, not only in the interior. Using the 
Ohsawa-Takegoshi extension theorem we prove that 



where A(L)o denotes the zero-fiber of A(L), and F is a submanifold locally given by 
the equation zi = 0. 

In section 1 1 we show how to translate the results of Bloom-Levenberg to our 
language of Chebyshev transforms. We reprove Theorem 2.7 in t4J using our Theorem 
11.31 equation (|4|i and a recursion formula from (|T] . 

We show in section 12 how to construct a convex and therefore continuous exten- 
sion of the Chebyshev transform to arbitrary big K-divisors. 

In section 13 we move on to prove Theorem ll.4l concerning the differentiability of 
the relative energy in the ample cone. 

1.2 Acknowledgement 

First of all we would like to thank Robert Herman for proposing the problem to us. In 
addition to Robert Herman we would also like to thank Ho Herndtsson and Sebastien 
Houcksom for their numerous valuable comments and suggestions concerning this ar- 
ticle. 
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2 Semigroups and Okounkov bodies 

Let r C be a semigroup. We denote by S(r) C R"+i the closed convex cone 

spanned by F. By Afc(r) we will denote the set 

Afe(r) := {a : {ka,k) G T} C R". 

Definition 2.1. The Okounkov body A(r) of the semigroup T is defined as 

A(r) := {a: (a,l) eE(r)}CM". 

It is clear that for all non-negative fc, 

Afc(r) c A(r). 

The next theorem is a result of Khovanskii from Q . 

Tlieorem 2.2. As^swrne f/zaf T C M""*"^ w a finitely generated semigroup which gener- 
ates Z"^"^ as a group. Then there exists an element z G S(r), such that 

(z + i](r))nz"+i cr. 

When working with Okounkov bodies of semigroups it is sometimes useful to re- 
formulate Theorem l2.2l into the following lemma. 



Lemma 2.3. Suppose that T is finitely generated, generates Z"+^ as a group, and also 
that A(r) is bounded. Then there exists a constant C such that for all k, if 

a e A(r) n Qz 

and if the distance between a and the boundary of A{T) is greater than C/k, then in 
fact we have that 

a G Afc(r). 



a G A(r) n I iz ) iff {ka, k) G s(r) n z"+i 



Proof. By definition we that 

k 

Also by definition 

aGAfc(r) iff {ka,k)eV. 
By Theorem l2.2l we have that 

{ka,k)eT if (fca, fc) - z G i;(r), 

and since i;(r) is a cone, (ka, k) - z e S(r) iff {a, 1) - z/k G i;(r). If (a, 1) lies 
further than \z\/k from the boundary of S(r), then trivially {a, 1) — z/k G S(r). 
Since by assumtion the Okounkov body is bounded, the distance between (a, 1) and 
the boundary of S(r) is greater than some constant times the distance between a and 
the boundary of A(r). The lemma follows. □ 
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Corollary 2.4. Suppose that T generates Z""*"^ as a group, and also that A(r) is 
bounded. Then A(T) is equal to the closure of the union Ufe>oAfc(r). 

Proof. That 

Ufe>oAfe(r) c A(r) 

is clear. For the opposite direction, we exhaust A(r) by Okounkov bodies of finitely 
generated subsemigroups of F. Therefore, without loss of generality we may assume 
that F is finitely generated. We apply Lemma |23] which says that all the (-^Z)" lattice 
points in A(F) whose distance to the boundary of A(F) is greater that some constant 
depending on the element z in ( 12.21 ). divided by k, actually lie in Afc(r). The corollary 
follows. □ 



3 Subadditive functions on semigroups 

Let F be a semigroup. A real-valued function F on F is said to be subadditive if for all 
a,P €T it holds that 

F{a + P) < F{a) + F{l3). 

If a e R"+^, we denote the sum of its coordinates J^'^i ^ly \a\. We also let E° C 
R"+i denote the set 

E° := {(ai,...,a„+i) : |a| = 1,9, > 0}. 

In ||4) Bloom-Levenberg observe that one can extract from lil4J the following theo- 
rem on subadditive functions on N"+^. 

Theorem 3.1. Let F be a subadditive function on N""*"^ which is bounded from below 
by some linear function. Then for any sequence a{k) £ N""*"^ such that \a{k)\ —> oo 
when k tends to infinity and such that 



a{k)/\a{k)\ ^ 6* £ S°, 

it holds that the limit 

c[F\{9) := lim 

fe^oo |Q!(A;j| 

exists and does only depend on 9. Furthermore, the function c[F\ thus defined is convex 
on TP. 

We will give a proof of this theorem which also shows that it holds locally, i.e. that 
F does not need to be subadditive on the whole of but only on some open convex 
cone and only for large |a| . Then Zaharjutas theorem still holds for the part of TP lying 
in the open cone. We will divide the proof into a couple of lemmas. 

Lemma 3.2. Let O be an open convex cone in and let F be a subadditive function 
on [O \ B{0, A/)) n N""''^, where B{0, M) denotes the ball of radius M centered at 
the origin, and M is any positive number Then for any closed convex cone K <Z O 
there exists a constant Ck such that 

F{a) < CK\a\ 

on {K\B{0,M))nW+^. 
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Proof. Pick points in (O\i3(0, Af))nN""'"^ such that if we denote by F the semigroup 
generated by the points, the convex cone S(r) should contain (K \ B{0, A/)) and the 
distance between the boundaries should be positive. The points should also generate 
^n+i ^ group. Then from Theorem l2.2l it follows that there exists an M' such that 

{K\B{0,M'))nN"+^ cr. (5) 

Let Ui denote the generators of F we picked. The inclusion (|5]l means that for all 
a G {K \ B{0, M')) n there exist non-negative integers such that 

a = ^ aiUi. 

By the subadditivity we therefore get that 

F{a) < ^a.F(a,) < C^a, < C\a\. 

Since only finitely many points in {K\B{(), M))r]W'+^ do not lie in {K\B{{), M'))n 
N"+^ the lemma follows. □ 



Lemma 3.3. Let O, K and F be as in the statement of Lemma \3 .2\ Let a be a point in 

{K° \ B{0, M)) n N"+\ and let -f{k) be a sequence in (K \ 5(0, M)) n N"+i such 
that 

|7(fc)| — > oo 



when k tends to infinity and that 

7(fc) 



\l{k)\ 



for some point p in the interior of K. Let I be the ray starting in a/\a\^ going through 
p, and let q denote the first intersection of I with the boundary of K. Denote by t the 
number such that 

p = t-^ + il-t)q. 
\a\ 

Then there exists a constant Ck depending only of F and K such that 

,i„3.piiiiM<<iiM + (i-,)c.. 

fc^oo \l[k)\ \a\ 

Proof We can pick points /3j in {K \ B{0, M)) n N"+i with /3i/|/3i| lying arbitrarily 
close to g, such that if F denotes the semigroup generated by the points (3i and a, F 
generates Z"+^ as a group and 

peS(Fr. 

Therefore from Theorem l2.2l it follows that for large k 7(fc) can be written 



7(fc) = aa + a^Pi 
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for non-negative integers a.i and a. The subadditivity of F gives us that 

F{-f{k)) < aF{a) + J2(^^F{P,) < aF{a) + CK^^aM 
where we in the last inequality used Lemma [l!2l Dividing by |7(fc)| we get 



F(7(fc)) ^ a\a\ F{a) , ^ o,|A 



< 



|7(fc)| - |7(^)| |«| |7(fc)r 

Our claim is that |°|^| will tend to t and that ^ p^jljj "^^^ to (1 — t). Consider 
the equations 



7(fc) _ a\a\ a ^ ^ ai|/3i| Pi 



and 



Observe that 



|7(fc)| |7(fc)l l«l ^ |7(A:)I lA 



p = i^ + (l-t)g. 



If I i^l^li — p\ < 5 and | — < (5 for all i, then we see that 



where £((5) goes to zero as 5 goes to zero. Similarly we have that 



where e'{5) goes to zero as 5 goes to zero. Since 

a\a\ Qi|/3i _ , 

i7(fc)r^i7wi " ' 

inequality (|6]l implies that 

The lemma follows. □ 



Corollary 3.4. Let O and F be as in the statement of Lemma 13.21 Then for any se- 
quence a{k) in O H Z""*"^ such that \a{k) \ — > oo when k tends to infinity and such that 
a{k)/\a{k)\ converges to some point p in O the limit 

lim 



fc— foo |Q!(fc)| 

exists and only depends on F and p. 
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Proof. Let a{k) and (3(k) be two such sequences converging to p. Let K C Ohe some 
closed cone such thatp S iiT". Let us as in Lemma [33] write 



For any e > 0, tfe is greater than 1 — e when k is large enough. By Lemma l33] we have 
that for such k 

FHm)) ^ ,^ .F{l3{k)) ^ ^ F{l3{k)) 
m^oo \a{m)\ \P[k)\ \p{k)\ 



where C comes from the lower bound 



> c 



which holds for all (3 by assumption. Since e tends to zero when k gets large we have 
that 

hmsup < limmf . 

fc_oo \a[k)\ k^oo \fj{k)\ 

By letting a{k) = (3{k) we get existence of the limit, and by symmetry the limit is 
unique. □ 

Proposition 3.5. The function c[F] onO r\Y.° defined by 

, , , F(a{k)) 

-.^i- w 

for any sequence a{k) such that \a{k)\ oo and ~^ which is well-defined 

according to Corollarv \3.4\ is convex, and therefore continuous. 

Proof. First we wish to show that c[F] is lower semicontinuous. Let p be a point in 
O n I]° and qn a sequence converging to p. From Lemma [373] it foUows that 

c[F]{p) <liminfc[^^](g„), 

which is equivalent to lower semicontinuity. 

Using this the lemma will follow if we show that for any two points p and q in 
O n S]° it holds that 

2c[F]{P±^)<c[F]{p) + c[F]{q). (7) 

Choose sequences a{k), e O n such that 

a(k) (3{k) 
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and for simplicity assume that — \Pik)\. Then 

a{k)+l3{k) p + q 
|a(fc) + /3(fc)| ^ 2 ■ 

Hence 

^"^^^J^ 2 ^"fel™ |a(fc)| -k^'L \a{k)\ +fei^ |/3(fc)| " 

^ c[F]ip) + c[F]{q). 

□ 

Together with Theorem 12.21 these lemmas yield a general result for subadditive 
funcitons on subsemigroups of 

A function F defined on a cone O is said to be locally linearly bounded from below 
if for each point p ^ O there exists an open subcone O' C O containing p and a linear 
function A on O' such that F > X on O' . 

Theorem 3.6. Let T C be a semigroup which generates Z"+^ as a group, and 

let F be a subadditive function on T which is locally linearly bounded from below. 
Then for any sequence a{k) G F such that \a{k)\ — > oo and |"|^|| — > p G I](r)° /or 
some point p in the interior o/I](r), the limit 

,,^Fiaik)) 
fc-+oo |a(fc)| 

exists and only depends on F and p. Furthermore the function 

, , , F(a(k)) 
c[F]{p) lim 

thus defined on S(r)° H T,° is convex. 



Proof. By Theorem l2.2l it follows that for any point p e E(r)° there exists an open 
convex cone O and a number M such that 

(o\B(o,M))nN"+i cr. 

We can also choose O such that F is bounded from below by a linear function on 
O. Therefore the theorem follows immediately from Corollarv 13.41 and Proposition 
[331 □ 



We will show how this theorem can be seen as the counterpart to Theorem 12. 21 for 
subadditive functions. 

Definition 3.7. Let T be a subsemigroup q/N"^^ and let F be a subadditive function 
ofV which is locally linearly bounded from below. One defines the convex envelope of 
F, denoted by P{F), as the supremum of all linear functions on E(r)° dominated by 
F, or which ammounts to the same thing, the supremum of all convex one-homogeneous 
functions on S(r)° dominated by F. 
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Theorem 3.8. IfT generates Z""*"^ as a group, then for any subadditive function F on 
r which is locally linearly bounded from below it holds that 

F{a) = +o(|a|) 

for a e rns(r)°. 

Proof. That 

F{a) > P{F){a) 

follows from the definition. If we let c[F] be defined on the whole of I](r)° by letting 

|a| 

it follows from Theorem 13.61 that c[F] will be convex and one-homogeneous. It will 
also be dominated by F since by the subadditivity 

F{a) ^ F{ka) 



for all positive integers and therefore 

^> lim ^-^ = c[F]( — ). 
\a\ k^oo \ka\ \a\ 

It follows that 

P{F) > c[F]. 
For a G r by definition we have that 

PiF)ia) < ^ 

for all positive integers k. At the same time 

FPU ^ r -P'(fca) 

c[}' \(a) = lim — ; , 

fe^oo k 

hence we get that 

P{F){a) < c[F]{a) 

for a € r Since both P{F) and c[F] are convex they are continuous, so by the homo- 
geneity we get that 

P{F) < c[F] 



on 5](r)°, and therefore P{F) = c[F]. The theorem now follows from Theorem[ 

□ 
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4 Okounkov body of a line bundle 

In this section we will show how to associate a semigroup to a line bundle. 
Definition 4.1. An order < on N" is additive if a < [3 and a' < [3' implies that 

a + a < (i + 13'. 
One example of an additive order is the lexicographic order where 

(«!, ■■•,««) <lex ■■■,Pn) 

iff there exists an index j such that aj < f3j and — j3i for i < j. 

Let X be a compact projective complex manifold of dimension n, and L a holo- 
morphic line bundle, which we will assume to be big. Suppose we have chosen a 
point p in X, and local holomorphic coordinates zi, 2„ around that point, and let 
Bp £ H^{U,L) be a local trivialization of L around p. Any holomorphic section 
s G kL) has an unique represention as a convergent power series in the vari- 

ables Zi, 

which for convenience we will simply write as 

s = y^ogz". 

We consider the lexicographic order on the multiindices a, and let v{s) denote the 
smallest index a such that Ua ^ 0. 

Definition 4.2. Let T{L) denote the set 

U {viH°{kL)) X {k}) C W'+\ 

fc>0 

It is a semigroup, since for s £ H'^{kL) andt G H'^{mL) 

v{st) ^vi-s) +vit). (8) 

The Okounkov body of L, denoted by A(L), is defined as the Okounkov body of the 
associated semigroup T(L). 

We write Afe(r(L)) simply as Afe(L). 

From the article [9J by Lazarsfeld-Mustaja we recall some results on Okounkov 
bodies of line bundles. 

Lemma 4.3. The number of points in Ak{L) is equal to the dimension of the vector 
space H^{kL). 

This is part of Lemma 1.3 in ||9l. 

Lemma 4.4. The Okounkov body of a big line bundle is bounded, hence compact. 
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This is Lemma 1.10 in f9l. 

Lemma 4.5. If L is a big line bundle, T{L) generates Z"''"^ as a group. In fact T{L) 
contains a translated unit simplex. 

It is proved as part of Lemma 2.2 in ||9l. 

Remark 4.6. Note that the additivity of v as seen in equation ^ only depends on the 
fact that the lexicographic order is additive. Therefore we could have used any total 
additive order on N" to define a semigroup r(i), and the associated Okounkov body 
A(L). We will only consider the case where the Okounkov body A(L) is bounded, and 
the semigroup T{L) generates N" as a group. 

Lemma 4.7. For any closed set K contained in the convex hull of Am{L) for some 
M, there exists a constant Ck such that if 

k 

and the distance between a and the boundary of K is greater than , then a £ 

Proof. Let F be the semigroup generated by the elements (M/3, M) where f3 G Am{L), 
and some unit simplex in r(_L). Applying Lemma l231 gives the lemma. □ 

Lemma 4.8. If K is relatively compact in the interior of A[L), there exists a number 
M such that for k > M, 

k 

implies that a € Afc(i). 

Proof. This is a consequence of Lemma 14.71 by choosing M such that the distance 
between K and the convex hull of Ajv/(L) is strictly positive, therefore greater than 
^ for large k. □ 

5 The Chebyshev transform 

Definition 5.1. A continuous hermitian metric h — on a line bundle L is a contin- 
uous choice of scalar product on the complex line Lp at each point p on the manifold. 
If f is a local frame for L on Uf, then one writes 

\f\' = h = e-^f, 

where "ipf is a continuous function on Uf. If h — e^"^ is a metric, tp is called a weight. 

We will show how one to a given continuous weight associates a subadditive func- 
tion on the semigroup r(L). 

For all {ka,k) G r(L), let us denote by Aa,k the affine space of sections in 
F°(/cL)oftheform 

z'^" + higher order terms 
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. Consider the supremum norm \ \.\\kii> on (kL) given by 

Definition 5.2. We define the discrete Chebyshev transform F[^] on T{L) by 

F[i,]{ka,k) :=inf{ln||s||2^ :se^,,fc}. 

Lemma 5.3. The function F[V'] is subadditive. 

Proof Let {ka, k) and {If}, I) be two points in T{L), and denote by 7 

ka + lj3 
^ k + l ' 

Thus we have that 

{ka,k) + {lp,l) = {{k + l)^,k + l). 
Let s be some section in A^^k and s' some section in A/3,;. Since 

ss' = (2;'^" + higher order terms) (2'^ + higher order terms) = 

= 2:(*+')''' + higher order terms, 

we see that ss' e A^^^+i- We also note that the supremum of the product of two 
functions is less or equal to the product of the supremums, i.e. 

Il**'ll(/s+i)i/' - ll^llfei/'ll^'II^V'- 

It follows that 

inf{||s||2^ : s G yl„,,}inf{||s'||2^ : s' £ Ap^i} < inf {| |<| : t G A^,k+i}, 
which gives the lemma by taking the logarithm. □ 
Lemma 5.4. There exists a constant C such that for all {ka, k) G r(L), 

F[^]{ka,k) > C\{ka,k)\ 

Proof. Let r > be such that the polydisc D of radius r centered at p is fully contained 

in the coordinate chart of zi, .... Zn. We can also assume that our trivialization 6p G 
H°{U, L) of L is defined on D, i.e. D C U. Let s be a section in Aa,k and let 

s 

* •= ~k- 

Denote by the trivialization of ^p. Hence 
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Since ijjp is continuous, 

e-^" > A 

on D for some constant A. This yields that 

\\s\f > sup{|s(x)|2e-'=^''("'} > A'' sup{\six)f}. 

x&D x£D 

We claim that 

sup{|s(2;)|2} > r'^'"!. 

Observe that 

sup{|z'="p} = r'=l"l. 

One now shows that 

sup{|z''"p} < sup{|z''" + higher order terms p} 

zeD zeD 

by simply reducing it to the case of one variable where it is immediate. We get that 

||s||2 > aV^I"! 

and hence 

F[)p]{ka,k) > fclnA + fc|a|lnr > C(fc + fc|a|), 
if we choose C to be less than both In A and In r. □ 

Definition 5.5. We define the Chebyshev transform ofip, denoted by c[ip] as the convex 
envelope of F[^] on S(r)°. It is convex and one-homogeneous. We will also identify 
it with its restriction to A(L)°, the interior of the Okounkov body of L. Recall that by 
definition 

A{L) :=S(L)n(R" x {1}). 
Proposition 5.6. For any sequence {ka{k), k) in r(i), k — ^ oo, such that 

lim a{k) =pe A(i)°, 

k — >oo 



it holds that 



fe^oo k 



Proof. By Lemma l573] and Lemma|53]we can apply Theorem l3.8l to the function F[il;] 
and get that 

cmip) = = lb, 1)1 lim «^ = 

|(p, 1)1 fc^oo fc|(Q:(fc),l) 

Fmka,k) 1 2 

lim : = Inn -\n\\ta{k),k\\ ■ 



fc— ^oo k k^oo k 



□ 
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Lemma 5.7. Let ip be a continuous weight on L and consider the continuous weight 
on L given by ip + C for some constant C. Then it holds that 

F[ij + C]{ka,k) = F[ij]{ka,k)~kC, (9) 

and that 

+ C]= c[iP] - C 

onA{L)°. 

Proof. For any section s G H^{kL) we have that 

ll*llfc(i/>+c) ~ ^ Ikllfc-i/" 

therefore 

ln||s||^(^+c.) =lii||.s||?v, -/cC. 

The same holds true when taking the infimum, which gives equation (|9|l. The second 
part then follows from Proposition |52] □ 

Proposition 5.8. If^j and ip are two continuous weights such that 
then 

F[4>] > F[^l 

and also 

clip] > c[(p]. 
Proof. For any s G H^{kL) we get that 

sup{|s(a;)pe-'='^(^)} < sup{|s(a;)pe-'=^(^)}. 

The inequality still holds when taking the logarithm and the infimum over Aa,k ■ □ 

Proposition 5.9. For any two continuous weights on L, ijj and (p, the difference of the 
Chebyshev transforms, c[t]j] — c[</?], is continuous and bounded on A(L)°. 

Proof. It is the difference of two convex hence continuous functions, and is therefore 
continuous. Since — is a continuous function on the compact space X, there exists 
a constant C such that 

ip<ip + C. 

Thus by Lemma ISTSl and Lemma lS^ we have that 

c[V'] < c[(^ + C] = c[(^] - C. 
By symmetry we see that \c\ip] — c[if\ \ is bounded on A(L)°. □ 
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For Okounkov bodies we have that 

A{mL) = mA{L), 
see e.g. ID. The Chebyshev transforms also exhibit a homogeneity property. 

Proposition 5.10. Let ip be a continuous weight on L. Consider the weight rmjj on 
mL. For any p £ A(_L)° it holds that 



c 



m^]{mp) — mc[tp]{p). 



Proof. We observe that trivially Ama,k — ^a.fem, as affine subspaces of H^{kmL), 
and hence 

F[m^]{kma^k) = i^[^](fcmQ;, /cm). 
Let a{k) p e A{L)°.We get that 

r nf ^ 1^ iM r ,u ("^P^ 1) ^ u im r F[m^]{kma{k), k) 
c[m^]imp) = \(mp,l)\c[mnj^—^^) = \{mp,l)\ hu,^ fc|(ma(fc),l)| = 

= lim M(^!!^^(MlM=^eM(p). 

k^oo k 

□ 



6 Relative energy of weights 

One may define a partial order on the space of weights to a given line bundle. Let 

^ <V + 0{1) 

on X. If a weight is maximal with respect to the order it is said to have minimal 
singularities. It is a fact that a weight with minimal singularities on a big line bundle 
is locally bounded on a dense Zariski-open subset of X (see e.g. 11]). On an ample 
line bundle, the weights with minimal singularities are exactly those who are locally 
bounded. 

Let i/j and ip be two locally bounded psh-weights. By MAm{ijj, ip) we will denote 
the positive current 

m 

j=o 

and by MA{ip) we will mean the positive measure (dd'^ip)". 

Definition 6.1. // and ip are two psh weights with minimal singularities, then we 
define the relative energy ofip with respect to p as 

^{i^.v) ^-r / {i^ -v)MAn{ip,ip), 
where Q is a Zariski open subset of X on which ip and p are locally bounded. 
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Remark 6.2. In ^7^ Berman-Boucksom use the notation £{ip) ~ £{}p) for what we de- 
note by S^ipyip). Thus they consider £ [if)) as a functional defined only up to a constant. 

An important aspect of the relative energy (and a motivation for calling it an energy) 
is its cocycle property, i.e. that 

for all weights V', (/^ and (see e.g. III). 

Definition 6.3. If tp is a continuous weight and K a compact subset of X, the psh 
envelope of^ with respect to K, Pk{iP), is given by 

Pxi'ip) ■— sup{(y5 : ip psh weight on L, ip < -tp on K} . 

For any ip and K, as one may check, Pk (V') will be psh and have minimal singu- 
larities. When K = X,we will simply write P{ip) for Px{ip)- 
If 4' and ip are continuous weights, we will call 

£{P{^),P{^)) 

the relative energy of ip with respect to ip, and we will denote it hy £{ip,ip). Since for 
psh weights trivially P(V') = ip, therefore the notation is unambiguous. 

Remark 6.4. In /T'/ Berman-Boucksom use the notation £eq {X, ip) for the expression 

hence it is the same as our £{ip) except with a different normalization. 

We refer the reader to [ 1 1 for a more thourough exposition on Monge- Ampere mea- 
sures and psh envelopes. 

We now state our main result. 

Tlieorem 6.5. Let -0 and <p be continuous weights on L. Then it holds that 

£{^,iP)=nlf {c[^] - c[p,])dX, (10) 
Ja{l)° 

where dX denotes the Lebesgue measure on A{L)° . 

The proof of Theorem 16. 5 1 will depend on the fact that one can also use L^-norms 
to compute the Chebyshev transform of a continuous weight. This will be explained in 
the next section. 
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7 Bernstein-Markov norms 



Definition 7.1. Let fi be a positive measure on X, and ijj a continuous weight on a 
line bundle L. One says that /i satisfies the Bernstein-Markov property with respect to 
ip if for each e > there exists C = C(e) such that for all non-negative k and all 
holomorphic sections s £ H'^{kL) we have that 



If ijj is a continuous weight on L and /z a Bernstein-Markov measure on X with 
respect to ip, we will call the L^-norm on H^{kL) defined by 



a Bernstein-Markov norm. We will also call the pair (t/i, fi) a Bernstein-Markov pair 
on (X, L). 

For any continuous weight ^ on L there exist measures /i such that /i) is a 
Bernstein-Markov pair. In fact it is easy to show that any smooth volume form dV on 
X satisfies the Bernstein-Markov property with respect to any continuous weight, see 



A pair {E, ip) where i? is a subset of X and -0 is a continuous weight on L is called 
a weighted subset. The equilibrium weight ipE of {E, ip) is defined as 



A weighted set {E,ijj) is said to be regular if the equilibrium weight ■0b is upper 
semicontinuous. 

Definition 7.2. If a compact K C X is the support of a positive measure fi, one says 
that fi satisfies the Bernstein-Markov property with respect to the weighted set {K, ijj) 
if for all k and s G H^{kL) inequality ( 1771 ) holds when X is replaced with K. 

Lemma 7.3. If is a smooth volume form and {K, ip) is a compact regular weighted 
subset, then the restriction of fj, to K satisfies the Bernstein-Markov property with 
respect to {K, ip). 

Proof. This follows e.g. from Theorem 2.4 in |[T1. □ 

We want to be able to use a Bernstein-Markov norm instead of the supremum norm 
to calculate the Chebyshev transform of a continuous weight ip. 

We pick a positive measure /i with the Bernstein-Markov property with respect to 
Ip. For all (/ca, k) G r(L), let t^^k be the section in H'^{kL) of the form 




(11) 




e.g. m. 



ipE ■= sup{(^ : (fi is psh, (p < ip on E}. 



^ka higher order terms 



that minimizes the L^-i 



■norm 
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It follows that 

for a (3, since otherwise the sections ta^k would not be minimizing. Hence 

{tc,^k ■■ a e Afc(i)} 

is an orthogonal basis for H^{kL) with respect to 1 1 . 1 1 1^.^ . Indeed they are orthogonal, 
and by Lemma l43] we have that 

#{i„,fc : a e Afc(L)} = #Afc(L) = dim{H"{kL)), 

therefore it must be a basis. 

Definition 7.4. We define the discrete Chebyshev transform F[il}, /i] of {ip, fi) on T by 

F[ip,fi]{ka,k) := \n\\ta,k\\l-4,,f,- 
We also denote j:F[ip, ^] {ka, k) by Ck [ip, ^J] (a)- 

We will sometimes write Ck[^] when we mean Ck[ip, /i], considering fj, as fixed. 
Proposition 7.5. For any sequence {ka{k), k) in r(i), k — > c», such that 

lim a{k) =p 6 A(L)°, 

k — >oo 



it holds that 



cW\{p) = lim Cfe[V',/i](Q:(fc)). 

k — >oo 



Proof. For a point (fca, k) e F, let ta.k be the minimizer with respect to the Bernstein- 
Markov norm. By the Bernstein-Markov property we get that 

ll^o!,fc||sup C'e^'^||t^_j,||^, 

and hence 

F[ilf\{ka,k) < F[^,fi]{ka,k) +liiC + ek. (12) 
Let s be any section in A^.k- We have that by definition 

\Kk\\l<Ml<i^ix)Mlp, 

so 

F[iP,fj]{ka,k) < F[i;]{ka,k) +h-ifi{X). (13) 
Equations (fT2l l and ( fT3] l put together gives that 

F[ij]{ka,k) -InC-efc < F[i:, ^i\{ka, k) < F[^]{ka, k) + In ^i{X). (14) 

It follows that 

^. ^ F[^,,]ikaik),k) ^ FmMk),k) ^ ^j^j^^^^ 

A; — *^oo k A;— i-oo k 

which gives the proposition. □ 
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Lemma 7.6. Let ip be a continuous weight on L and consider the continuous weight 
on L given by ip + C for some constant C. Then it holds that 

F[ijj + C,n]{ka,k) = F[^, fi]{ka, k) - kC. 

Proof. This follows exactly as in the case of the suprumum norm, see proof of Lemma 
157] □ 

Proposition 7.7. Let (?/>, fi) and {ip, v) be two Bernstein-Markov pairs, and assume 
that 

ip < ip 

Then for every varepsilon > there exists a constant C such that 

F[i},^i\ {ka, k) > F[ip, v] (fca, k) - C' - ek. 

Proof. Let j, and be the minimizing sections with respect to the Bernstein- 
Markov norms ||.||fci/,,;^ and H-Ufci^ respectively. From equation (fT4l i and Proposition 
I7.7l we get that 

F[i),ii] [ka, k) > F[^] {ka, k) -\nC - ek> F[tp] {ka, k) ~\nC - ek> 

> F[ip, v] - In viX) - In C - ek. 

□ 

Proposition 7.8. For any two Bernstein-Markov pairs on {X, L), {ip, fJ.) and {ip, v) the 
difference of the discrete Chebyshev transforms 

is uniformly bounded on A(L)°. 

Proof. By symmetry it suffices to find an upper bound. Let (7 be a constant such that 
+ (7. By Lemma ItTSI and Proposition l7.7l we get that 



11 C" 

Cfc [V', /i] (a) = ^l] {ka,k) > -j^Flip + C, v] {ka, k) - — - e = 

1 C" C" 

= j,F[(p, i']{ka,k) - C - — - e = Ck[(p, i']{a) - C - — - e. 

The proposition follows. □ 



8 Proof of main theorem 
8.1 Preliminary results 

Let B'^{fi,k(p) denote the unit ball in H^{kL) with respect to the norm \.\'^e~^^ djj., 
i.e. 

B^{n,kip) := {s e H"{kL) : [ \s\^e-'''^dn < 1}. 

Jx 
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Consider the quotient of the volume of two unit balls 

volB'^{u, kip) 

with respect to the Lebesgue measure on H^{kL), where we by some linear isomor- 
phism identify H^{kL) with C^, N = h°{kL). In fact the quotient of the volumes 
does not depend on how we choose to represent H°{kL). 

Lemma 8.1. 

volB'^{fj,,k(p) _ det{J s^Sje-'''^diy)^j ^^^^ 
volB'^{i',k'ip) det{J 8iSje~^fdn)ij^ 

where {sj} is any basis for H°{kL). 

Proof. First we show that the right hand side does not depend on the basis. Let {ti} be 
some orthonormal basis with respect to / |.pe~'^^(ii/, and let A = {uij) be the matrix 
such that 

Si = ^ ^ (^ijtj- 

Then we see that 

J s^Sje~'''^di' = j (^a^ktk)(^ajiti)e~^'^dv = ^^aikajk- (16) 
Therefore by hnear algebra we get that 

det (^j s.Sje-^'I'di^ = det(y4y4*) = |detAp. (17) 

If we let {s^} be a new basis, 

s^^^hjSj, B={bij), 

then 

det (^J s'is'^e-'"fdi?j = |detSpdet (^J SiSjC'^'I'dv 

Since |deti?|^ also will show up in the denominator, we see that the quotient does not 
depend on the choice of basis. 

Let as above {tj } be an orthonormal basis with respect to J \ .^e~'''^du and let { Sj } 
be an orthonormal basis with respect to J \.^e~'"^dii and let 

Si — ^ ^ CLij tj J A — (o^ij ) • 

It is clear that 

V0lB2(z/,fcV') 
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Note that the square in the right-hand side comes from the fact that we take the deter- 
minant of A as a complex matrix. By equations ( fTSI l and ( fTTb we also have that 

det (^J s.sj-e-'^'^di^j = |detAp, 

and since {si} were chosen to be orthonormal 

det I / SiSie~'"^dr 



The lemma follows. □ 

Definition 8.2. Let (ip, /i) and ("0, v) be two Bernstein-Markov pairs on {X, L). The 
Donaldson Ck bifunctional on (ip, ijj) is defined as 

n\ ( volB'^{fi,kLp) 



2fc«+i \volB^{v,ki)) 

Theorem A in fTl states that for Bernstein-Markov pairs the Donaldson Ck bifunc- 
tional converges to the relative energy. 

Tlieorem 8.3. Let (if, /i) and (ip, v) be two Bernstein-Markov pairs on {X, L). Then 
it holds that 

lim £fc((/j, V') = 

k — ^oo 

We will use this result to prove our main result. Theorem |63] stating that the rel- 
ative energy of two continuous weights is equal to the integral of the difference of the 
respective Chebyshev transforms over the Okounkov body. 

8.2 Proof of Theorem |63] 

Proof. We let {si] be a basis for H^{kL) such that 

Si — z^"^ + higher order terms, 
where at € ^k {L) is some ordering of Afe(L). Let 

Si — ^ o-iji"^.,^, A — (fly). 
From the proof of Lemma lSTI we see that 

detf/ s.-s^e-'^diy) = Idet^l^det f / tt^it^.e-'^d:. 



X / ij \J X 



idetAp n II*: 



^ ||2 
fell ' 
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since ^ constitute an orthogonal basis. Also since the lowest term of Si is z ' we 
must have that — for j < i and an = 1. Hence det A = 1, and consequently 



det(/ sfs.e-'^^'d^ ^ n llCll'- 
From equation ( fTSl l we get that 

T}} X — > 

QeAfc(L) 

For all k let c^: [i/;] denote the function on A(L)° assuming the value of [-0] in the 
nearest lattice point of Ak{L) (or the mean of the values if there are multiple lattice 
points at equal distance). Then 

where increases to A{L)° . By Propositions 17.51 and 17.81 we can use dominated 
convergence to conclude that 



lim Ck{ip,ip) = n! / {c[ip] - c[ip])dX. 

fe^oo JA(L)° 

Combined with Theorem l8.3l this proves the theorem. □ 



9 Previous results 

Some instances of formula JTOl ) are previously known. Here follows three such in- 
stances. 

9.1 The volume as a relative energy 

We consider the case where we let ip = ^ + 1 . It is easy to see that this means that 

P{ip) - Piip) = l,thus 

5(^,7^) = ^ / MA„(F(^),P(V')). (18) 

Furthermore it has been shown by Berman-Boucksom (see e.g. [1 1) that for any n-tuple 
of psh weights ipi with minimal singularities it holds that 

/ dd'^ipi A ... A dd^i^n vol(L), (19) 
Ja 

where fl denotes the dense Zariski-open set where the weights 4'i are all locally bounded. 
Equations (fTsT l and ( fT9] ) together yields that 

£{ip,^) ^vol{L). (20) 
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Any minimizing section with respect to J | . pe '^'^ will also minimize the norm 



|2g-fc(V+l) ^ / I |2g-fc>^^ 



It follows that c[i/j] — c[(fi] is identically one. Therefore 

(c[^] - c[ip])dX = voIk. (A(L)). (21) 



/A(L)» 

Equations ( l20b and (|2TI) and Theorem l6 . 5 1 then gives us that 

vol(L) ^ n!vola.(A(L)). 
We have thus recovered Theorem A in ||9l . 

9.2 Chebyshev constants and the transflnite diameter 

Let K he a regular compact set in C. We let \\.\\k denote the norm which takes the 
supremum of the absolute value on K. Let denote the space of polynomials in z 
with z'' as highest degree term. Let for any k 

Yk{K) ■.= M{\\p\\K:pePk}. 
One defines the Chebyshev constant C (K) of K as the following limit 

C{K) := lim {Yk{K)y^K 

k — ^oo 

Let {xi}^^^ be a set of k points in K. Let dk{{xi}) denote the product of their 
mutual distances, i.e. 

dk{{xt}) ■■= Yl - 

One calls the points {xi\ Fekete points if among the set of fc-tuples of points in K 
they maximize the function dk. Define Tk{K) as dk{{xi}) for any set of Fekete points 
{xi}'i=i - Then the transfinite diameter T{K) of K is defined as 

T{K) := lim {Tk{K)f'^''^y 

k — >oo 

We will now think of C as imbedded in the complex projective space . Let Zq , Z\ 
be a basis for ii^(0(\))^ therefore [Zq, Z]\ are homogeneous coordinates for P^. Let 

Z\ Zq 
z := — and w :— —. 
Zq Z-i 

Let p denote the point at infinity 

[0,1]. 

Then w is a holomorphic coordinate around p, and Z\ is a local trivialization of the line 
bundle 0(1) around p. Thus we will identify a section ZqZ\~°' e i?°(0(A:)) with the 
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polynomial w" as well as with z^~°'. This means that the Okounkovbody A{0{1)) of 
0(1) is the unit interval [0, 1] in R. We observe that a section s e H"{0{k)) lies in Pi 
as a polynomial in z if and only if 

s — w^^^ + higher order terms. 

For a section s let s denote the corresponding polynomial in z. Consider the weight 
PR-(ln l^oP)- It will be continuous since K is assumed to be regular (see e.g. HI). 
Then we have the following lemma. 

Lemma 9.1. For any a G [0, 1], i.e. that lies in the Okounkov body o/C(l), we have 
that 

c[PK{ln \Zo\^)Ka) = 2(1 - a) InC(X). 

Proof. By basic properties of the projection operator Pk (see [JJ) it holds that for for 
any section s e H"{0{k)) 

sup{|spe-'=i"l^«l'} = sup{|s|2e-'=^-0"t^oP)}. (22) 

K pi 

Since the conversion to the z-variable means letting Zo be identically one, we also have 
that 

sup{|spe-'='"l^°l'} = supim = Ml. (23) 

K K 

We see that s e Aa^k iff s — z^^^"" + lower order terms. Hence 

F[Px(ln|Zon](fea,fc) = 21nrfc„_fe(i^), 

and 

c[PK{\n\Z^?)]{a) = lim ^ ^ ' °' '^^ ' ' ^ lim - lnyfe„_fe(if) = 

k—^oo k, k — ^00 K 



lim 2(l-a)ln(n_fc„(i^))'=-'=" -2(l-a)lnC(if). 

A; — *oo 



□ 



Let if and K' be two regular compact subsets of C. From Theorem l6.5l and Lemma 
^we get that 



f (PK'(ln |ZoP), P^(ln iZoH) = / (c[PK(ln |ZoP)] - c[PK'(ln |ZoP)])dA(a 

^(04) 

(2(1 - a) In C(iv:) - 2(1 - a) In C{K')) dX{a) = In C{K) - In C(if') 



'(0,1) 

On the other hand it follows from Corollary A in [ 1 1 that 

\nT{K) ~\nT{K') = £{PK'{ln\Zo\^),PK{\n\Zo\^)). (24) 
Thus by Theorem |6.5l using Lemma |9T| and equation (|24] | we get that 

\tiT{K) - h-iT{K') = InC(A') - In C(i4:')- 
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In fact it is easy to check that for the unit disc D, r(D) = C{D) = 1 , so we recover the 
classical result in potential theory that the transfinite diameter T{K) and the Chebyshev 
constant C{K) are equal. 

For a thorough exposition on the subject of the transfinite diameter and capacities 
of compacts in C we refer the reader to the book 1 13 1 by Saff-Totik. 

9.3 Invariant weights on toric varieties 

Let X be a smooth projective toric variety. We will view X as a compactified C", such 
that the torus action on X via this identification corresponds to the usual torus action 
on C". As is well-known, there is a poly tope A naturally associated to the embedding 
C" C X. We assume that A lies in the non-negative orthant of R". There is a line 
bundle L/\ with a trivialization on C" such that 

Afc(LA)-An(izr, 

and any section s e H^{kL^) can in fact be written as a linear combination of the 
monomials where 

a e fcAnz". 

Let dV be a smooth volume form on X invariant under the torus action. Then it 
holds that for any torus invariant weight ijj, 

Jx 

when a ^ /?. This follows from Fubini since trivially the monomials are orthogo- 
nal with respect to the Lebesgue measure on e.g. tori. Because of this for any torus 
invariant weight ip the minimizing sections are given by z^"', and consequently 

Ck[^,dV]{a) ^jlnf Iz'^^'l^e-'^^dV. 
^ Jx 

Assume for simplicity that V' is positive. 
Lemma 9.2. For any strictly positive torus invariant weight ip we have that 

c[^](a) =ln('sup{|z"|2e-^W}) . 

Proof. We have that 

/ |z'="|2e-'=^dF<dT/(X)sup{|z'="|2e"''-'^} = dF(X) fsup{|z"pe-'^(^)}) , 
Jx X \zex J 

which yieds the inequality 
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By the Bernstein-Markov property of dV with respect to Tp we get that 

Jx zex \zGX 

Using Proposition l7.5l it follows from this that 

ciV'Ka) =lnfsup{|z"pe-'^} 

\zex 

Since ip isa weight on La it obeys certain growth conditions in C". In fact for a lying 
in the interior of A = A(La) it holds that 

sup{|z"|2e-^(")} = sup{|z"|2e-^(")}, 
X zeC" 

and the lemma follows. □ 

Remark 9.3. If we do not assume that the weight -0 is strictly positive, the lemma still 
holds if we in the supremum replace ip with the projection P^ip). 

Let Q denote the map from C" to M" that maps z to (In |zi |, In |z„|). Since 
we assumed ip to be torus invariant, the function ip o is well-defined on E". We 
will denote o by tpQ. Since ip was assumed to be psh, it follows that V'e will 
be convex on R". Recall the definition of the Legendre transform. Given a convex 
function g on the Legendre transform of g, denoted g* , evaluated in a point p G R" 
is given by 

g*{p) := sup {{p,x) - g{x)}. 

Observe that 

ln((|z"|2e-'^) oe-i(x)) = 2{a,x) -^eix). (25) 
Thus by equation (IZST i and Lemma |972l we get that 

c[V](a) = 2(^^) (a). 

Theorem ( 16.51 ) now gives us that for any two invariant weights ip and iy9 on i it holds 
that 



This is a known result in toric geometry. 



dX. 



10 The Chebyshev transform on the zero-fiber 

Let us assume that 

zi = 
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is a local equation around p for an irreducible variety which we denote by Y. Let 
H°{X\Y, kL) denote the image of the restriction map from i7° {X, kL) to i?" (F, fcL|y), 
and let r(X|y, L) denote the semigroup 

Ufc>o {v{H''{X\Y,kL)) X {fc}) c N". 

Note that since Z2, 2:„ are local coordinates on Y, v{H^{X\Y, kL) will be a set of 
vectors in N"^^. 

Definition 10.1. The restricted Okounkov body /S.x\y{L) is defined as the Okounkov 
body of the semigroup T{X\Y, L). 

Lemma 10.2. IfY is not contained in the augmented base locus B^{L), then T{X\Y, L) 
generates Z" as a group. 

This is part of Lemma 2.16 in ||9l- 

Remark 10.3. The augmented base locus B^{L) of L is defined as the base locus of 
any sufficiently small perturbation L — eA, where A is some ample line bundle. Here 
we are only interested in the case where L is ample, and then it is easy to see that the 
augmented base locus i?+ {L) always is empty. 

Assume now that L is ample. We will show that the Chebyshev transform c[%Ij] can 
be defined not only in the interior of the Okounkov body but also on the zero fiber, 

A(L)o := A(L) n ({0} x R"-i) . 

From Theorem 4.24 in (|9] we get the following fact, 

A(i)o - ^x\y{L). (26) 

Note that since the Okounkov body lies in the positive orthant of R", A(L)o is a 
part of the boundary of A(L), hence the Chebyshev transform of a continuous weight 
is a priori not defined on the zero-fiber. Nevertheless, we want to show that one can 
extend the Chebyshev transform to the interior of zero-fiber A(i)o. To do this, we 
need to know how F behaves near this boundary, something which Theorem l2.2l does 
not tell us anything about. 

Lemma 10.4. Assume L to be ample, and p any point in the interior of A{L)o. Let 
^n^i denote the unit simplex in the unit simplex in R"~^, and let S 

denote the simplex {0} x x {0}. Then F(L) contains a translated unit simplex 

(a, k) + Sn+i such that (kp, k) lies in the interior of the {n — l)-simplex 

{a,k) + S 

(i.e interior with respect to the M"~^ topology). 

Proof. The augmented base locus of L is empty since L is ample, thus by Lemma [l0.2l 
we may use Lemma |23] in combination with equation (|26] | to reach the conclusion that 
for large k, there are sections Sk such that {p, k) lies in the interior of {v{sk), k) + S 
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with respect to the M."~^ topology. We may write L as a difference of two very ample 
divisors A and B. We may choose B such that Ai(_B) contains I]„ in Z", and A such 
that Ai(A) contains origo. Now 

kL = B + {kL-B). 

Since L is ample, for k large we can find sections s'^, £ H^{kL — B) such that v{s'f.) = 
v{sk)- We get that 

(v(sfc),fc) + S„ cr(L), 

by multiplying sj. by the sections of B corresponding to the points in the unit simplex 
^ Ai(i?). Also observe that 

{k + l)L = A+{kL-B). 

Now by multiplying s'^ with the section of A corresponding to origo in Ai (A) we get 

(z;(4),fc) + (0,...,0,l) cr(L). 

Since 

I]„ X {0}U(0,...,0,l) = S„+i 

we get 

(t;(4),fc) + S„+i cr(L). 

□ 

Remark 10.5. The proof is very close to the proof of Lemma 2.2 in ^9^, which shows 
the existence of a unit simplex in T{L), when L is big. The difference here is that we 
need to control the position of the unit simplex, but the main trick of writing L as a 
difference of two very ample divisors is the same. 

Lemma 10.6. Let p be as in the statement of Lemma \10.4\ Then there exists a neigh- 
bourhood U of p such that if we denote the intersection U Cl A(L) by U,for k large it 
holds that 

(fcc/,fc) nz"+i c r(L). 

Proof. Let {a,m) + C T{L) be as in the statement of Lemma fl 0.41 and let 

C T{L) denote the set 

;= {a, m) + X {0} = (q + S^) x {m}. 

Let also denote the set 

:= {a + S^) X {m}. 

Since trivially 

Ef, + ... + S^ = (fcE«)nZ", 



] THE CHEB YSHEV TRANSFORM ON THE ZERO-FIBER 



34 



we have that 

(/cZ)", km) n z"+i = + . . . + D^^ c r(i). 

k 

Therefore the lemma holds when fc is a multiple of m. Furthermore, since m and m + 1 
are relatively prime, if k is greater than m(m + 1) we can write 

k — kim + k2{m + 1), 

where both ki and k2 are non-negative, and k2 < m. Thus we consider the set 

+ ... + +/C2(a, m + 1) C T{L). 
^ ^ / 

Because of the bound k2 < m, and since (a, to + 1) lies on the zero fiber, for a 
neighbourhood U of p, when k gets large we must have that 

(fcf/, /fc) n c L*^ + ... + z)^ +k2(a, TO + 1) c r(i). 



□ 

Corollary 10.7. Assume L is ample, then the chebyshev function c[^] is well-defined 
on the interior of the zero-fiber, A(L)o, and it is continuous and convex on its extended 
domain A{L)° U A(i)g. 

Proof. The proof goes exactly as for the case of an interior point, now using Lemma 
I10.6l instead of Theorem l272l □ 

Lemma 10.8. Assume L is ample, and is a continuous weight. Then for any regular 
compact set K it holds that the projection Pk{iP) also is continuous. In particular, 
since X is regular, Piijj) is continuous when L is ample. 

Proof See e.g. d. □ 

We will have use for the Ohsawa-Takegoshi extension theorem. We choose to cite 
from Is) one version of it . 

Theorem 10.9. Let L be a holomorphic line bundle and let S be a divisor Assume 
that L and S have metrics and 5* 5 respectively satisfying 

dd^^L > (1 + 5)dd''^s + dd^^K^ , 
where Kx some smooth metric on the canonical bundle Kx ■ Assume also that 

dd''-^L>dd^{-^S + -^Kx)- 

Then any holomorphic section t of the restriction of L to S extends holomorphically to 
a section t of L over X satisfying 

|tpe-*-a;„ <Cs! Itfe^*- 



Here u)n is a smooth volume form on X and dS is a smooth volume form on S. 
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For a proof of this version we refer the reader to [S]. 

Lemma 10.10. Suppose L is ample. Let A be an ample line bundle, with a holomor- 
phic section s such that locally s — zi. Also assume that the zero-set of s, which we 
will denote by Y, is a smooth submanifold. Then for all a e A^iv (i) we have that 

cxM(0,a) =cy[PM|y](a). (27) 

Proof. We may choose zi = Z2,...,z,i-i = z„ as holomorphic coordinates on Y 
around p. We consider the discrete Chebyshev transforms of the restrictions of P{(p) 
and P{ip) to Y. Since L is ample, by Lemma flO-SI P(ip) and P(V') are continuous, 
therefore the restrictions will also be continuous psh-weights on L|y, therefore the 
Chebyshev transforms cy[P{(p)\y] and cy[P(?/')|y] are well-defined. 
We note that if t e kL) and 

t = + higher order terms, 

the restriction of < to y will be given by 

t|y = + higher order terms. 

Furthermore 

sup{|i|y|2e-'=^(^)} < sup{|t|2e-'=^(^)}. 

Y X 

This gives the inequality 

cxM(0,a) >cy[P(v5)|y](a), 

by taking t to be some minimizing section with respect to the supremum norm on X. 

For the opposite inequality we use Proposition 17.51 which says that one can use 
Bernstein-Markov norms to compute the Chebyshev transform. 

If H°{Y,kL\Y), 

i — z*^" + higher order terms, 

then if k is large enough there exists a section t E H^{X,kL) such that <|y ~ i. 
This is because we assumed L to be ample, so we have extension properties (by e.g. 
Ohsawa-Takegoshi). We observe that any such extension must look like 

t = z'^'-^'"-' + higher order terms, 

because if we had that 

t = z'''^'^^^'^' + higher order terms 
with /?i > 0, then since all higher order terms also restrict to zero. 



= 0, 
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which is a contradiction. 

Let be some smooth strictly positive weight on L. Then for some m 

dd^m-^ > (1 + S)dd''^A + dd^-^Kx 

and 

dd^m^ > dd^^A + dd'^'^Kx^ 

where and 'i'Kx weights on A and Kx respectively. We have that dd'^P{ip) > 
0, hence 

dd^iik - m)P{ip) + m^) > (1 + + dd^-^Kx 

and 

- to)F(v3) + m*) > dd'^^'A + dd^^Kx 

for all k > m. Since P(<p) is continuous hence locally bounded, we also have that for 
some constant C, 

^' - C < P{ip) < + C. 

We can apply Theorem 110.91 to these weights, and get that for large k, given a t G 
H'^{Y, kL^y) there exists an extension t e H^{X, kL) such that 

/ |t|2e-'=^(^)c^„ < e"'C f |t|2e-('=-'")^(^)-™*d^ 

where Cs is constant only depending on 5 and dz^ is a smooth volume form on Y. 
By letting t be the minimizing section with respect to j.pe^'^^'^'^^di^ and using 
Proposition l7.5l we get that 

cxM(0,a) <Cy[PM|y](a), 

since 

Jx Jx 

□ 

Proposition 10.11. Let L, anc/ K be as in the statement of Lemma \10.10\ Then we 
have that 

£y(PM|y,P(V^)|y) = (n-l)! / (c[^]-c[<^])(0,a)rfa. 

Ja{L)o 

Proof. The proposition follows from Lemma flO.lOl bv integration of equality ( |27l ) over 
the interior of the zero-fiber, and Theorem |6. 51 which says that 

£y(P(^),y,P(^)|y) = (n-l)! / Cy [P(^) |y] - Cy [P((p) |y]dA. 

J^(L^y) 

□ 
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We will cite Proposition 3.7 from |[T] which is a recursion formula relating the 
relative energy and the restricted energy. 

Proposition 10.12. Suppose L is ample, let s G H'^(L), and let Y be the smooth 
submanifold defined by s. Let -0 and ip be two continuous weights. Then 



{\n\sY - P{lp))MA{P{lp)) ~ / {\n\sY - P{ij))MA{P{ilj)). 

X J X 

In particular, combining Theorem l6.5l Proposition [ToTT] and Proposition ! 10. 121 we 
get the following. 

Proposition 10.13. Let L, s and Y be as in Proposition \10.12\ Then it holds that 

[cxif] - cx[ip])dXn = — ^ / (cxM - cx[^])dA„_i + 



A(L)° n + 1 JA(L)° 

^ ^ (In - P{^ j)MA{P{^j) - / (In \s\^ - P{i,))MA{P{^/j)). 



(n + 1)! Jx' ' ' ' " ' ' " {n + iy. 



X 



11 Directional Chebyshev constants in C" 

In |4| Bloom-Levenberg define what they call directional Chebyshev constants. In 
this section we will describe how this relates to the Chebyshev transforms we have 
introduced. 

The setting in [41 is as follows. Let <i be the order on N" such that a <i (3 
if \a\ < 1/3 1, or if |a I = \f3\ and a <iex (3- Let Pa denote the set of polynomials 
p{zi, Zn) in the variables Zi such that 

p = + lower order terms. 

Observe that here we want lower order terms, and not higher order terms. Let if be a 
compact set and h an admissible weight function on K. For any a G N" they define 
the weighted Chebyshev constant Y3 {a) as 

Ys{a) := inf{sup{|;i(z)l"lp(z)|} : p £ P^}. 

Lemma 2.1 in ||4J tells us that the limit 

T^{K,e):= lini r3(a)i/'''=g(") 

a/deg(a) — >9 

exists. These Umits are called directional Chebyshev constants. 

In our setting we wish to view C" as an affine space lying in P". Also, polynomials 
in Zi can be interpreted as sections of multiples of the line bundle 0(1) on P" in the 
following sense. Let Zq, Z„ be a basis for i?°(0(l)) on P", and identify them with 
the homogeneous coordinates [Zq, Z„]. We can choose 



p [1 : : ... : 0] 
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to be our base point, and let Zi := -f^ be holomorphic coordinates around p. We also let 
Zq be our local trivialization of the bundle. Given a section s G H'^{0{k))we represent 
it as a function in Zi by dividing by a power of Zq 

J_ a 
J, — 2^ aaZ . 

Therefore we see that 

^(Qo,ai,...,Q„) ^{ai....,a„) 

We could also choose a different set of coordinates. Let 

q:^ [0: ... :0: 1] 

be our new base point, and let Wi :— be coordinates around q. Let Z„ be the local 
trivialization around q. Given a section s G H^{0{k)) we represent it as a function in 
Wi by dividing by a power of Z„ 

n 

Hence 

^(Q0,ai,...,an) y^(ao,...,aTi-l)^ 

To define Chebyshev transforms we need an additive order on N". Since the semigroup 
r(0(l)) will not depend on the order, we are free to choose any additive order Let 
<2 be the order which corresponds to inverting the order <i with respect to the Zi 
variables, i.e. 

(ao, ...,a„_i) <2 (/3o, •■•,/3n-i) 

iff 

...,/?„) <i (ai, 

Therefore 

^(Qi,...,a„) _|_ lower order terms = yj{<^o,---Mn-i) higher order terms. (28) 

We may identify the weight function h with a metric h — e^^l"^ on 0(1). Consider 
the weight Pxi^p)- For simplicity assume that K is regular. Since 0(1) is ample from 
Lemma [lO. Sl it follows that Pr-(i/)) is continuous, therefore the Chebyshev transform 
c[Pfc (?/;)] is well-defined. It is a simple fact that 

sup{\s{z)\^e-^^^-'^} = sup{|s(z)|2e-'=^^('^'(")}. (29) 

zGif zGP" 

Let ao = 0, and let k = J2i <^i- By 'EH* we see that s G ^(qo,...,q„_i),/c iff it is on 
the form 

^(qi,...,q„) ^ lower order terms. 

By (|29]l it follows that 

\nY3{ai,...,an) = F[PKW]{ka,k). 
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Thus we get that for 6* = (6*1, ff,,) e S' 



c[PkW](O,0i,...,0„-i) = 21nr''((?i,...,0„). 



(30) 



Observe that the order <2 we used to defined the Chebyshev transform has the 
property that (0, a) <2 /?) when j3i > 0. It was this property of the lexicographic 
order we used in the proof of Proposition 110.1 II Therefore the theorem holds also 
for Chebyshev transforms defined using <2 instead of <iex • Let {K' , h') be another 
weighted set in C", and let ?/;' be the corresponding weight on 0(1) associated to h' . 
Then integrating ([30b gives us that 



where Y :— {Zq — 0}. Here we used that A(C'(l))o is a (n — l)-dimensional unit 
simplex, and thus 



Bloom-Levenberg define a weighted transfinite diameter d^{K) of K which is 
given by 



There is also another transfinite diameter, 5^{K), which is defined as a limit of certain 
Vandermonde determinants. By Corollary A in IT] we have that 



Then by Theorem l6.5l equation (ISTl i and Proposition ?? we get that 



In fact, the positive measure MA(Pft:(^/;)) has support on ii', and PKiip) = V' ^-C- with 
respect to MA{Pk{iP))- In the notation of |4], {^p - ln|Zop)/2 is denoted Q, and 
MA(P/f(-0)) is denoted (dd'^V^ g)". Thus in their notation 




(31) 



meas(A(0(l))o) 



1 





{K') 
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For the unit ball B, with h = 1 = \Zq^ and therefore Qh = 0, it is straight-forward to 
show that we have an equality 

Using this we get that 

ln<5''(i^) = \Yvd^{K) - - [ Qidd'^V^Q)". 

" Jk 

By taking the exponential we have derived the formula of Theorem 2.7 in lHJ. 



12 Chebyshev transforms of weighted Q- and M-divisors 

Because of the homogeneity of Okounkov bodies, one may define the Okounkov body 
A{D) of any big Q-divisor D. Set 

A(D) -A(pD) 
P 

for any p that clears the denominators in 13. In f9l Lazarsfeld-Mustaja show that this 
mapping of a Q-divisor to its Okounkov body has a continuous extension to the class 
of M-divisors. 

In Propositio ns. lOl we saw that Chebyshev transforms also are homogeneous under 
scaling. Therefore we may define the Chebyshev transform of a Q-divisor D with 
weight tp, by letting 

ciV'Ka) = -cM(pa), aeA{Dy, (32) 
P 

for any p clearing the denominators in D. We wish to show that this can be extended 
continuously to the class of weighted M-divisors. 

We will use the construction introduced in Ig). Let Di, Dr be divisors such that 
every divisor is numerically equivalent to a unique sum 

aiDi, flj e Z. 

Lazarsfeld-Mustaja show that for effective divisors the coefficients a; may be chosen 
non-negative. 

Definition 12.1. The semigroup of X, T(X), is defined as 

T{X) := y (<i/0(Ox(^a.A))) x {a}) C Z"+^ 

where v stands for the usual valuation. 



s = z" + higher order terms s i— > a. 
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Lemma (4.11) in ^ states that T{X) generates Z"'+'' as a group. 

Let I](r(X)) denote the closed convex cone spanned by T{X), and let for a ^ W 

A(a) := S(r(X)) n (R" x {a}). 

Theorem (4.5) in f9l states that for any big Q-divisor D = Y^ ciiDi, 

A{a)^A{D), a= {ai,...,ar). 

Let for each 1 < i < r ipi he a continuous weights on Di. Then for a ^ W, 
J2 o.ii' is a continuous weight on ^ aiDi. For an element (a, a) e r(X), let A^.a C 
H^{Y^ aiDi) be the set of sections of the form 

+ higher order terms. 

Definition 12.2. The discrete global Chebyshev transform F[ipi, is defined by 

F[V'i,...,?/'r](a,a) := inf{ln | |s| 1^ _^ : s G Aa,a} 

for (a,a) er(X). 

Lemma 12.3. F[ipi^ ■0^] is subadditive on T{X). 
Proof lfseH"{Ox{Ea^D,)), 

s = + higher order terms, 

t = + higher order terms, 
then St e H°{Ox{T.{a^ + b,)D,)) and 

st — z"^^ + higher order terms. 
Thus the subadditivity of F[ipi, tpr] follows exactly as for F[ip] in Lemma |53] □ 
Lemma 12.4. F[ipi, ipr] is locally linearly bounded from below. 
Proof. Let (a, a) E E(r(X))°. Let ipi^p be the trivializations of the weights ipi, then 

is the triviaUzation of ^ a^i/'i- Let D be as in the proof of Lemma |54l and choose A 
such that 

e-^'^-'f'^-'' > A. 

Since the inequality 

p-j:b,i^,,, > A 

holds for all 6 in a neighbourhood of a, the lower bound follows as in the proof of 
Lemmal54l □ 
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Definition 12.5. The global Chebyshev transform c[ipi, ...^tprjofthe r-tuple {ipi, ...jipr) 
is defined as the convex envelope of F[^i, il^r] on E(r(X))°. 

Proposition 12.6. For any sequence {a{k),a{k)) G T {X) such that \{a{k) , a{k))\ 
oo and 

\{a{k),a{k))\ 

it holds that 

hm — — — — = c[ipi,...,ipr\{p,a). 

fe-»oo \{a(k),a[k))\ 

Proof. By Lemma [12. 3 1 and Lemma [12.41 we can use Theorem l3.8l which gives us the 
proposition. □ 

Proposition 12.7. For rational a, i.e a — (ai, ...,ar) G Q*", the global Chebyshev 
transform c[^pi, tpr] {p, a) coincides with c tti'tpi] (p), where the Chebyshev trans- 
form of the Q-divisor ^ UiDi as defined by f l52l ). 

Proof. By construction it is clear that for all (a.a) E r{X) we have that 
Flipi, ipr]ia, ka) = F atipi {a, k). 

Choose a sequence (a(fc), ka) G T{X) such that 

^.^ {a{k),ka)) ^ {p, a) 
fe^oo \{a{k),ka))\ \{p,a)\' 

where we only consider those k such that ka is an integer. Then by Proposition 1 12.61 
we have that 

cVi,-,V'r](p,a)== hm \{p,a)\ = 

fc^oo \(a(k),ka)\ 

r u ..F[J2aiip^]{a{k),k) ( \{p,a)\k \ i 

□ 

Now that we have defined the Chebyshev transform for weighted M— divisors we 
wish to show that the formula of Theorem l6 . 5 I holds true also in this case. First we need 
some preliminary lemmas. 

Lemma 12.8. The function £{tip, tip) is {n + \)-homogeneous in t for t > Q, i.e. 

£{tii},t^) = e+^£{'ti;,<fi). 
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Proof. For weights with minimal singularities ip' and ip', by definition of the relative 
energy we have that 

£it^,t^) = ^— / (tV' - V)MA„(#',i(^') = 



(V' - V'')MA„(^', = e+^£{^, (33) 

We also observe that tt/j' is a psh weight on tL iff ip' is a psh weight on L. Therefore 
we get that 

P{tij) ^tPiiJj). (34) 
Combining ( |33] | and ( |34| | the lemma follows. □ 

Lemma 12.9. Assume that L is ample. Let ip and ip' be two continuous weights on L, 
and let ip and ip' be two continuous weights on some other big line bundle L' . Then the 
function 

£{i' + tip, ip' + t(p') 

is continuous in tfor t such tizat L + tL' is ample. 
Proof We show continuity at t = 0. Since L is ample, for some e > 

L + eL' 

will be ample. Furthermore the relative energy is homogeneous. We may write 

L + teL' 

as 

(l-t)(L + ^(L + £i')), 

thus without loss of generality we can assume that L' is ample. By the cocycle property 
of the relative energy we have that for any continuous weight <p on L' 

£{ip + tip, Ip' + tip') ^ £{ip + tip, Ip + tip) +£{ijj + tip, i]j' + tip) + £{ip' + tip, t// + tip') . 

Thus it suffices to consider two special cases. The first where we assume that ip = ip'. 
In the second case we instead assume that ip ~ ip' and that ip is psh. 

First assume that ip = ip' . Since £{ip, ip) — 0, we must show that £{ip+tip, ip+tip') 
tends to zero when t tends to zero. Lemma 1.12 in |[T1 tells us that the projection 
operator is Lipschitz continuous. In our case this means that 



We get that 

1 , 



1' 



X 



sup \P{ip + tip) - P{ip + t(p')\ < tsup \ip - ip'\. 

X X 



\£{ip + tip,iP + tip')\ = 

{P{l/J + tip) - P{l/J + tp'))MAn{P{'p + t^), P{lP + tp'))\ < 

<tsnp\^~^'\^— [ MAr,{P{i/j + tip),P{'P + t^')) = 
X n+l Jx 

= tsup \p - ip'\\ol{L + tL'). 

X 
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Since the volume is continuous (see e.g. lH]), we get continuity in this case. 

Now we intead assume that f = (fi' and that ip is psh. We first show right-continuity. 
Since ip is psh, for all r < t we have that 

P(iA + rp) + (t - r)p 

is psh and it is clearly dominated by ^ + tp, thus by the definition of the projection 
operator 

P{ip + tip) > P{tlj + rp) + {t- r)p. 
It follows that P{%1} + tp) — tp is increasing in t. Also 

dd^Pitp + tp) - tp) > -tdd^p, 

thus by standard results in potential thoery we have that 

dd" lim(P(-0 + tp}) - tip) > 0. 

This gives us that 

lim(P(?/; + tp) - tp) = P{i>). 

The same holds for 

P(i/;' + tp) ~ tp. 

We now write P{tp + tp) as 

{P{tp + tp) - tp) + tp 

and P{ip' + tp) as 

{p{ij' + tp) - tp) + tp 

in the expression for 

£{tp + tp,tp' + tp) 

and the right-continuity follows from Theorem 1.6 in lUl, which states that mixed 
Monge-Ampere operators are continuous along pointwise decreasing sequences of psh 
or quasi-psh weights converging to a weight with minimal singularities. For the left- 
continuity we use the homogeneity of the relative energy exactly as above to reduce to 
the case of right-continuity already considered. □ 

We are now ready to prove our main theorem in the setting of weighted ample 
R-divisors. 

Theorem 12.10. For ample W-divisors ^ aiDi we have that 

SC^aitlji^^aiPi) = 
= n\ I (c[(^i, a) - c['0i, V'r](p, a))dA(p). (35) 
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Proof. First we show that $35i holds when a G Q^. By the homogeneity of the Ok- 
ounkov body and the Chebyshev transform we have that 

(c[tV'] - c[tip])dX = r+^n\ [ {c[ip] - c[ip])d\ = 

A(tL)° JA(L)° 

where the last equality follows from Lemma [l2.8l Then by Proposition ! 12. 71 (l35T l holds 
for a £ Q^. Therefore by the continuity of the relative energy, the continuity of the 
global Chebyshev transform, and the fact that equation (|35] l holds for rational a, the 
proposition follows. □ 



13 Differentiability of the relative energy 

We wish to understand the behaviour of the relative energy £{ipt , ft) when the weights 
•ipt and ifit vary with t. In [11 Berman-Boucksom study the case where ipt and ift are 
weights on a fixed line bundle or more generally a M-divisor We are interested in 
the case where the underlying R-divisor is allowed to vary as well. In f9l Lazarsfeld- 
Mustaja prove the differentiability of the volume by studying the variation of the Ok- 
ounkov bodies. Since our Theorem 16.51 and Theorem 112.101 states that the relative 
energy is given by the integration of the difference of Chebyshev transforms on the 
Okounkov body, we wish to use the same approach as Lazarsfeld-Mustaja did in |[9]- 
The situation becomes a bit more involved, since we have to consider not only the 
variation of the Okounkov bodies but also the variation of the Chebyshev transforms. 
In this section we will assume that L is an ample R-divisor. 

To account for the variation of the Chebyshev transform when the underlying line 
bundle changes it becomes necessary to consider not only continuous weights but also 
weights with singularities. Specifically weights of the form 

- iln|sp, 

where is a continuous weight on L, s is some section of an ample line bundle A, and 
t is positive. Observe that these weights only have +oo singularities. 

In fact, by general approximation arguments one can show that the results that we 
have established for continuous weights aslo hold for weights that are lower semicon- 
tinuous and only have +00 singularities. But for completeness we include arguments 
proving this for ip — t\n\s\'^ . 

Let be some fixed continuous positive weight on A. For any number R we denote 
by In |s|^j^ the weight 

In |s|% := max(ln |sp, * - R). 
Lemma 13.1. For Owe have that 

Pill) -t\n\s\\n) = P{ip -r\n\s\^). 
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Proof. That 

P(V'-tln|s|%) <P(V'-tln|sp) 

is clear since 

ip -tlii\s\lji < ■(/'-nn|sp. 

P{ip — t In |sp) is psh, therefore upper semicontinuous by definition, which means that 
it is locally bounded from above. Thus locally we can find such that 

i;-t{-9 -R)> P{ij-t\n\s\^). 

But we have assumed that our manifold X is compact, so there exists an R such that 
ip — — R) dominates P{iIj — t In |sp) on the whole of X. The same must be true 
for ip — tin |s|+^- By definition P{i/j — i In dominates all psh weights less or 

equal to — tin |s|^j^, in particular it must dominate P{ip — r In |s|^). □ 

Lemma 13.2. If L is integral, i.e. a line bundle, then for i? 3> such that 

P(^-tln|s|%.) = P(^-tln|s|2), 
we have that F[%Ij - tin |s|%] = F[^j - t In |sp]. 

Proof. This follows the fact that for all weights and all sections s it holds that 

see e.g. 0]. □ 

From Lemma [l3.2l it follows that the Chebyshev transform c\4) — t In |sp] is well- 
defined, also for M— divisors, and that Proposition l5.6l holds in this case. The formula 
for the relative energy as the integral of Chebyshev transforms will also still hold. 

Proposition 13.3. For any continuous weight ip on L — tA it holds that 

£(V'-tln|sp,(^) = (36) 

= n\ [ c[ip] - ciij - tln\s\^]dX. (37) 

JA(L-tA)° 

Proof. For integral L, choose an P ^ such that 

P{^-tln\s\lj,)^P{yj-tln\s\'). 

Then ( [36l ) follows in this case from Theorem 16. 5 1 and Lemma [l3.2| By homogeneity 
( [36] l holds for rational L, and by continuity for arbitrary ample M-divisors. □ 

Theorem B in III states that the relative energy is differentiable when the weights 
correspond to a fixed big line bundle. By the comment in the beginning of section 3 in 
Ul this holds more generally for big (1, 1) cohomology classes, e.g. R-divisors. We 
thus have the following. 
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Theorem 13.4. Let ijji be a smooth family of weights on a big M-divisor D, and any 
psh-weight with minimal singularities. Then the function 

fit) :=£{^t,^) 

is differentiable, and 

/'(O) = / uMA(P(Vo)), 

where u = f^^Q^t. 

We also need to consider the case where 

V't = V'o + - In |s|2), 
where $ is some continuous weight on A. 
Lemma 13.5. For every e there exists a such that 

P{i;o + t{<^ - In \s\lji)) = P{i;o + t{<^ - In \sf)) 

for t > e. 

Proof. Recall that In was defined as max{\E' — R, In |sp} for some continuous 
weight * on ^. That 

+ t($ - In \s\lji)) < P{i;o + - In \s\')) 

is clear since 

ipQ + i($ - In \s\lfi) < Vo + - In |s|^) 
and the projection operator is monotone. When 

^ ^ P(V>o + - In \s\^)) - V;o - t$ ^ 

we get that 

Pii^o + - In |s|^^)) = P{iPo + - In IsH) 
because for such R 

V'o + t{<P - In >^-ti-9-R)> P(^o + - In \s\^)) 

and the same is true for the projection. By the homogeneity of the projection operator 
we have that 

We also have that for f > r 

P(!^ + $ _ In \s\^) _ ^ < P(!^ + $ _ In |,sn ^EM< 

<P(^+$_in|.n ^(^o) 



r r 
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by the same arguments as in the proof of Lemma fl 2. 9 1 + <I> — In |sp) is psh 

and therefore upper semicontinuous, and since L is ample, P{ipo) is continuous. This 
yields that 

r r 
is an upper semicontinuous function on the compact space X, so it has an upper bound. 
The lemma follows by setting r — 1/e and choosing R larger than 

P(^^l + a>-in|.n-^-$ + v,. 

r r 

□ 

We state and prove a slight variation of Lemma L3 in f2'|. 

Lemma 13.6. Let fk be a sequence of concave functions on the unit interval, and let 
g be a function on [0, 1] such that fk converges to g pointwise. It follows that 

g'(0) <liminf/^(0). 
Proof. Since fj. is concave we have that 

fk{o)+fmt>fkit) 

hence 

liminfi/^(0)>.g(t)-.g(0). 

k — >oo 

The lemma follows by letting t tend to zero. □ 

We now prove that Theorem I 1 3 .4l holds true also in our singular setting. 
Lemma 13.7. The function 

f{t) := 5(^-0 +t(<i>- In l-sp),^) 
is right-differentiable at zero and 

I, f{t)= I (<i>-ln|.nMA(P(V.o)). 

Proof. Let us denote <i> — In |sp by m, and let 

Uk := <^ -\n\s\\f.. 

Let fk denote the functions 

fk{t) := f (-00 + tuk, tp). 

By e.g. im the functions fk are concave, and by Theorem 113.41 thev are differentiable. 
By Lemma [13. 5l we get that for any e > there exists a k such that / = fk on (e, 1). 
Therefore it follows that / is concave and that 

fk~^f 
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pointwise. Since / is concave it is right-differentiable. We also have that 

fUO) = / UkMA{P{i;o)) 
Jn 

by Theorem I 13.41 Thus from Lemma [13.61 we get that 

/'(0)< / uMAiPiibo))- 
Since / is concave the derivative is decreasig, for all e > 

/'(O) >/'(£)= lim / UkMAiP{yJo + euk)) = [ uMA(P(V'o + 
'=^°oJn Jn 

where the last step follows by monotone convergence since 

MA(P(V^o + £Uk)) = MA(P(V^o + £u)) 

for large k by Lemma [13.51 The projection operator is 1-Lipschitz continuous, there- 
fore we get that P(V'o + ^Wfc) will converge to P(V'o) uniformly. By Theorem 1.6 in 
in the Monge-Ampere operator is continuous along sequences of psh weights with 
minimal singularities converging uniformly, hence 

lim / uMA(P(V'o + em)) = / mMA(P(V'o)), 
Jn in 

and the lemma follows. □ 

We will also need an integration by parts formula involving In |sp. 

Lemma 13.8. Let ip and ip' be continuous weights on an ample M.-divisor L. Let ip be 
a continuous psh weight on an ample line bundle A, and let s S H^(A) be a section 
such that its zero set variety Y is a smooth submanifold. Then it holds that 

[ (V' - In \sf)dd^P{^) - P{^')) A MA„_i(P(^), P(^')) - 

= f {P(^) ~ P{^'))dd'^ AMA,,^i{P{^),P{^')) ~n£Y{P{v)\Y,P{v')\Y). 
Jx 

Proof. The lemma will follow by the Lelong-Poincare formula as soon as we establish 
that 

/ (V - In |sp)dd=(P(<^) - P(^')) A MA„_i(P(^), P(^')) = 

JX 

= f {P{^) - P{^'))dd-{ij ~\n\s\') AMA„^,{P{^),P{^')), 
Jx 

which is an integration by parts formula. By Theorem 1 .7 in [IJ we may integrate by 
parts when the functions are differences of quasi-psh weights with minimal singulari- 
ties. We denote by Uk the quasi-psh weight with minimal singularities ip — \n\s\'^^. and 
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X 



get that 

' Ukdd^P{ip) - P{ip')) A MA„_i(P((p), Piip')) = 

= / {P{ip) - Pi^'))dd'uk A MA„_i(P(^), P(^'))- 
Jx 

Since P{(p) and P{f') are both continuous, by the Chern-Levine-Nirenberg inequah- 
ties (see e.g. 0) we get that 

(^-ln|sn|d#F(<^)AMA„_i(F((^),P((^'))<C / \{iP ~\n\s\'')\dV 

X JX 

and 

|(V'-ln|sn|dd^P(^')AMA„_i(F((^),P((^'))<C' / \{^ ~\n\s\^)\dV 
X Jx 

for some constants C and C and some smooth volume form dV. By standard results 
In |sp is locally integrable, thus both integrals are finite. This means that we can use 
monotone convergence to conclude that the LHS will converge to 



(V' - In \s\^)dd^{P{^) - P{^')) A MA„_i(P(^), P(^')) 



X 



when k goes to infinity. A special case of Proposition 4.9 in |6|, chapter 3, is that 
monotone convergence for Monge- Ampere expressions holds when one of the terms 
has analytic singularities and the others are locally bounded. By this it follows that the 
LHS will converge to 



(P(^) - P{^'))dd-{^ - In Isp) A MA„_i(P(^), P(^')), 

X 



and we are done. □ 
Assume that we have chosen our coordinates zi,...,Zn centered at p such that 

zi 

is a local equation for an irreducible variety Y. Assume also that Y is the zero-set of a 
holomorphic section s G H^{A) of an ample line bundle A. Then by Theorem 4.24 in 
||9l the Okounkov bodies of L and L + tA with respect to these coordinates are related 
in the following way 

A(L) = (A(P + tA) - tei) n (R+)". 



There is also correspondence between the Chebyshev transforms of weights on L and 
L + tA. 
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Proposition 13.9. Let A and s be as above. Suppose also that we have chosen the 
holomorphic coordinates so that zi — s locally. Then for a > r it holds that 

CL [ip] (a, a) - CL [</?] (a, a) = 
= CL-rA[tp - r In |sp](a - r, a) - cl-taVp - r\n\s\^]{a - r, a). (38) 

Proof. First assume that L is integral. Since we have that locally s = zi, for t G 

H°{kL), 

t = z''^"'") + higher order terms, 



if and only if 



J_ _ ^k(a r.a) ^ jjjgjjgj- order terms. 



We also have that 

x&x x£X |s'^''(a;)|^ 

Thus ( l38T l holds for integral L. By the homogeneity and continuity of the Chebyshev 
transform it will therefore hold for ample M-divisors. □ 

We are now ready to state and prove our generalization of Theorem 113.41 in the 
ample setting, where the underlying R-divisor is allowed to vary within the ample 
cone. 

Theorem 13.10. Let Ai, i — 1, ...,m be a finite collection of ample line bundles, and 
for each i let ipi and ip[ be two continuous weights on Ai. Let O denote the open cone 
in R'' such that a E O iff^ CLiAi is an ample M.-divisor Then the function 

f{a) := S^auA^o.^ft'^o.^f'i) 

is on O. 

Proof. Let a be a point in O, and denote ^ by L. Denote ^ a^i^s by </3 and ^ ai(p[ 
by <f'. We want to calculate the partial derivatives of F at a. Thus we let L' be an ample 
line bundle, let ip and ip' be two continuous metrics on L' and we consider the function 

fit) -.^SL+tL'i^ + t^J,^' +t^'). 

We claim that / is differentiable at t = 0, and that the derivative varies continuously 
with L, (p and ip' . 

We may assume that L' has a non-trivial section s such that Y :— {s ^ 0} is 
a smooth manifold, since otherwise because of the homogeneity we may just as well 
consider some large multiple of L' instead. We choose local holomorphic coordinates 
such that zi ~ s. Recall that the Okounkov bodies of L and L + tL' are related in the 
following way 

A(L) = (A(i + <L')-<ei)n(R+)". (39) 



] 3 DIFFERENTIABILITY OF THE RELATIVE ENERGY 



52 



Let A{L)r denote the fiber over r of the projection of the Okounkov body down to 
the first coordinate, i.e. 

A{L)r := A(i)n({r} x R"-i). 
Then one may write equation ( |39] | as 

A{L + W) = Uo<r<tA{L + tL')r U (A(L) + te^). (40) 

Furthermore the energy is given by integration of the Chebyshev transforms over 
the Okounkov bodies. Using (|40] | and Proposition !! 3 .91 we get that 



= n! / c[ip' + til}[] - c[(p + t'ijjt]dX = 

JA{L+tL')° 

c[ip' + tip'^]{r, a) — c[ip + til)t\{r, a)dadr + 

r=0 J A{L+tL')° 

+n\ [ cy + t{^[ - In - c[ip + t{-<Pt - In |sp)]dp = 

JA(L)° 

— nl / c[(p' + til;f](r,a) — c[(p + tiljt]{r,a)dadr + 

Jr=Q JA(L+tL')° 

+ t{i>t - In Isp), + t(V7j - In \s\^)). 

Hence by Theorem II 3 .41 and the fundamental theorem of calculus it follows that 
this function is right-differentiable. We also want to calculate the right-derivative. 
We get that 

at |o+ 

= n! / c[(p'] (0, a) - c[ip] (0, a)da + 
Ja{l)- 

+ ^ £l{^ + t{^t - In kp), ^' + t(V-; - In Isp)) = 
at |o+ 

dt\o+ 

using Proposition llO.lll in the last step. Since in the second term the divisor L does not 
change with t, we may use Theorem ll3.4l Also, because of the cocycle property of the 
relative energy, we only need to consider two cases, one where Lp — ip' ^ and the other 
one where we let ip ip' but instead assume that ipt = ipt — i' some fixed smooth 
positive metric on L' . 
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First assume that ip = Lp' . The first term disappears and we get that 

El^iu {(p + tijt,'^ + tTp[ ) = 

ox 1 04. 

= £l{^ + ti^Jt - In + m ~ In \sf)) = 

dt\a 

= / (^o-ln|s|2)MA(P((p))- / (^^-ln|s|2)MA(P(^)) = 
Jx Jx 

= / (^0 - V'o)MA(P(^)). (41) 

Here we used Lemma [l3.7l 

By Theorem 1.6 in 1 1 1 this term depends continuously on the weight </?. 
Now let p ^ but instead assume that 4't — tpt = some fixed smooth positive 
metric on L' . Then we have that 



-7: £L+tL' + tip, (p' + t-4}) = 
dt\o+ 

= n£Y{P{ip)iY,Pi^')\Y)+ (42) 
+ J^^fL{^ + - In kP), ^' + m - In W)) = 

= n£Y[P{v)\Y,P{v')\Y)+ I (^~ln|snMA(P(^))- 

Jx 

- f (^-ln|snMA(P(^')) = 
Jx 

^n£YiP{ip)lY,P{ip')lY) + 

+ f (V'-ln|.sndd=(P(^) -P(^')) AMA„_i(P((^),P((^')) = 
Jx 

= / iP{ip) - P{^'))dd'iP AMA„_i{Piip),Piip')). (43) 
Jx 

In the last step we used Lemma [13. 81 

This will also depend continuously on the pair {ip, ip') exactly as in Lemma [l2.9l 
By definition a M— divisor can be written as a finite positive sum of ample line bun- 
dles, thus since we have shown that the relative energy is continuously partially right- 
differentiable in the ample integral directions it follows that the function / is right- 
differentible when L' is any ample M-divisor Since the derivatives we have calculated 
for ample line bundles are linear, the same formulas hold for arbitrary R-divisors. 

Now we consider the question of left-differentiability By Lemma [12.81 the relative 
energy is (n-|- 1)— homogeneous. For some possibly large k kL — L' is ample. Because 
of the homogeneity of the relative energy, without loss of generality, we may assume 
that L — L' is ample, otherwise just change L to kL. Also 
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Using this and the homogeneity we get that 

= (1 - tr+^£L+^^(L-L-){v + Th^^~ ^' + T^^^' " ^^^^ 

The left-differentiabiHty thus follows from the previous case by equation (|44] | and the 
chain rule. 

To show the differentiability of / then, we only need to calculate the left-derivative 
to make sure it coincides with the right-derivative. Recall that because of the cocycle 
property we only needed to consider two cases. First assume that tp — (p' . Equations 
(|44] | and dTO now yields that 

£L+tL'{(p + t^pt,ip + tljj't) ^ --^ £L-tL'{^ -tiptop -tlp't) = 

(It \q_ dt 



d „ , t , , ^ t 

dt\o^ 



- ((^ - Vo) - - ij'o))MA{P{p)) = / (Vo - Vo)MA(P(^)) = 
Jx Jx 

= ^ SL+tL'{'P + tiJt,'P + tlp't). 

dt\o+ 

Now let (fi ^ (fi' but instead assume that ipt — ^'t = il' some smooth positive 
weight on L' . By the cocycle property we may also assume that ip and (p — ipaie smooth 
and positive. By equation ( l42b we get that 



Sl+il' + tip, ip' + t^}) = 
= {n+l)£L{p'.p') - 



X 



{n + l)£L[p.p')- / (P(¥>)-F(^'))rfrf'(¥'-^)AMA„_i(P(^),P(^')) 

((^ - - - V))MA(P(^')) ^ 



X 



(P(^) - P(¥>'))c^'^' W A MA„_i(F(^), P{p')) = 

X 

= 4: £L+tL'{p + ti^,p' + tilj). 

dt\o+ 
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We used that (p' = P{f') a.e. with respect to MA(P((/3')) (see e.g. We also used 
the observation that 

dd'ip A MA„_i(P(^), P(^')) + MA(P((^')) = MA„(P((^), P{ip')), 
and that by definition 

J (F(^) - F(^'))MA„(F(^), P(^')) = (" + ^')- 

The differentiabihty of / follows, and we saw that the derivative depended continu- 
ously on L, If and (p' . Hence the function P is on O. □ 

Note that in the special case where tpt = ipQ + W and ipt = ^0 + for some fixed 
positive weight ^I^ on L' , our calculations show that 

n— 1 „ 
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